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Abstract
Let G  be some metabelian 2-group satisfying the condition G/G′   Z/2Z ×  Z/2Z ×  Z/2Z. In this paper, we construct all the
subgroups of G  of index 2 or 4, we give the abelianization types of these subgroups and we compute the kernel of the transfer
map. Then we apply these results to study the capitulation problem of the 2-ideal classes of some fields k  satisfying the condition
Gal(k(2)2 /k)   G, where k(2)2 is the second Hilbert 2-class field of k.
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1.  Introduction
Let G  be a group and let G′ = [G, G] be its derived
group, that is the subgroup of G  generated by the com-
mutators [x, y] = x−1y−1xy, where x  and y  are in G. Let
γ i(G) be the i-th term of the lower central series of G
defined inductively by γ1(G) = G  and γ i+1(G) = [γ i(G),
G]. The group G  is said to be nilpotent  if there exists
a positive integer c  such that γc+1(G) = 1; the smallest
integer c  satisfying this equality is called the  nilpotency∗ Corresponding author. Tel.: +212 665903455.
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CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).class  of G; if the order of G  is ph, where p is a prime,
then the number cc(G) = h  − c is called the coclass of G.
It is well known that a p-group G  is nilpotent. Recall
that a group G  is said to be metabelian  if its derived
group G′ is abelian. Finally, a subgroup H  of a group G,
not reduced to an element, is called maximal if it is the
unique subgroup of G  distinct from G  containing H.
Consider the group family defined, for any integer
n ≥  1, as follows
Gn =  〈σ,  τ,  ρ  : ρ4 =  σ8 =  τ2n+2 =  1,
σ4 =  τ2n+1 , ρ2 =  τ2nσ2,  [τ,  σ] =  1,
[ρ, σ] =  σ−2, [ρ,  τ] =  τ2〉. (1)behalf of Taibah University. This is an open access article under the
In this paper, we construct all the subgroups of Gn of
index 2 or 4, we give the abelianization types of these
subgroups and we compute the kernel of the transfer map
VG→H : Gn/G′n →  H/H ′, for any subgroup H  of Gn,
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efined by the Artin map. Then we apply these results
o study the capitulation problem of the 2-ideal classes
f some fields k  satisfying the condition Gal(k(2)2 /k) 
n, where k(2)2 is the second Hilbert 2-class field of k.
inally, we illustrate our results by an example about an
maginary bicyclic biquadratic field.
.  Results
Recall first that if x, y  and z  are elements of some
roup G, then we easily show that:
[xy,  z] =  [x,  z]y[y,  z] and
[x,  yz] =  [x,  z][x,  y]z,
where xy =  y−1xy.
Let Gn be the group family defined by the Equal-
ty (1). Since [τ, σ] = 1, [ρ, σ] = σ−2 and [ρ, τ] = τ2, so
′
n =  〈σ2,  τ2〉, which is abelian. Then Gn is metabelian
nd Gn/G′n   (2,  2,  2), since ρ2 =  τ2
n
σ2. Hence Gn
dmits seven subgroups of index 2, denote them by Hi,2,
nd seven subgroups of index 4, denote them by Hi,4,
here 1 ≤  i ≤  7. These subgroups, their derived groups
nd their abelianizations are given in the Tables 1 and 2.
able 1
ubgroups of Gn of index 2.
i conditions Hi,2 H ′i,2 Hi,2/H
′
i,2
 〈σ, τ〉 〈1〉 (22, 2n+2)
n = 1 〈σ, ρ〉 〈σ2〉 (2, 4)
 n ≥ 2 〈σ, τ2, ρ〉 〈σ2, τ4〉 (2, 2, 2)
 〈ρ, τ〉 〈τ2〉 (2, 4)
n = 1 〈στ, ρ, σ2〉 〈(στ)2, σ4〉 (2, 2, 2)
 n ≥ 2 〈στ, ρ〉 〈(στ)2〉 (2, 4)
 〈σρ, τ〉 〈τ2〉 (2, 4)
n = 1 〈τρ, σ〉 〈σ2〉 (2, 4)
 n ≥ 2 〈τρ, σ, τ2〉 〈σ2, τ4〉 (2, 2, 2)
n = 1 〈στ, τρ, σ2〉 〈σ4, (στ)4〉 (2, 2, 2)
 n ≥ 2 〈στ, τρ〉  〈(στ)2〉 (2, 4)
able 2
ubgroups of Gn of index 4.
i Hi,4 H ′i,4 Hi,4/H
′
i,4
 〈σ, τ2〉 〈1〉 (2min(n,2), 2max(n+1,3))
 〈τ, σ2〉 〈1〉 (2, 2n+2)
 〈ρ, τ2〉 〈τ4〉 (2, 4)
(4, 4) if n = 1
 〈στ, σ2〉 〈1〉 (2, 2n+2) if n ≥ 2
 〈σρ, τ2〉 〈τ4〉 (2, 4)
 〈τρ, τ2〉 〈τ4〉 (2, 4)
 〈στρ, τ2〉 〈τ4〉 (2, 4)ity for Science 9 (2015) 346–350 347
To check the Tables entries we need the following
lemma.
Lemma  1.  Let  Gn = 〈σ, τ, ρ〉  denote  the  group  deﬁned
above, then
1 ρ−1σρ  = σ3 .
2 ρ−1τρ  = τ−1.
3 ρ2 commutes  with  σ  and  τ.
4 (τρ)2 = ρ2.
5 (στρ)2 = (σρ)2 = ρ2σ4.
6 For  all  r ∈ N, [ρ,  τ2r ] =  τ2r+1 and  [ρ,  σ2r ] =
σ−2r+1 .
Proof. 1. and 2. are obvious, since [ρ, σ] = σ−2 and [ρ,
τ] = τ2.
3. As ρ2 =  τ2nσ2, so ρ2 ∈  〈τ, σ〉, which is an abelian
group, because [τ, σ] = 1. Hence the result.
4. (τρ)2 = τρτρ  = τρ2ρ−1τρ  = τρ2τ−1 = ρ2.
5. We proceed as in 4. to prove these results.
6. Since [ρ, τ] = τ2, so [ρ, τ2] = τ4. By induction, we
show that for all r  ∈ N∗, [ρ,  τ2r ] =  τ2r+1 . Similarly,
we prove that [ρ,  σ2r ] =  σ2r+1 . 
Let us now prove some entries of the Tables 1 and 2,
using the Lemma 1.
• For H1,2 =  〈σ,  τ,  G′n〉  =  〈σ,  τ〉, we have H ′1,2 =
〈1〉, since [σ, τ] = 1. As σ8 =  τ2n+2 =  1 and σ4 =
τ2
n+1
, so H1,2/H
′
1,2  (2min(2,n+1),  2max(3,n+2)) =
(22, 2n+2).
•  For H2,2 =  〈σ,  ρ,  G′n〉  =  〈σ,  ρ,  τ2,  σ2〉 =
〈σ, ρ,  τ2〉. If n  = 1, then ρ2 = τ2σ2, hence H2,2 = 〈σ,
ρ〉. Therefore H ′2,2 =  〈σ2〉 and H2,2/H ′2,2   (2,  4).
If n  ≥  2, then H2,2 = 〈σ, ρ, τ2〉. Therefore
H ′2,2 =  〈σ2, τ4〉 and H2,2/H ′2,2   (2,  2,  2).
• For H1,4 =  〈σ,  G′n〉 =  〈σ,  σ2,  τ2〉  =  〈σ,  τ2〉,
we have H ′1,4 =  〈1〉, since [σ, τ] = 1. As
σ8 =  τ2n+2 =  1 and σ4 =  τ2n+1 , so H1,4/H ′1,4 
(2min(2,n),  2max(3,n+1)).
•  For H2,4 =  〈τ,  G′n〉 =  〈τ,  τ2, σ2〉 =  〈τ,  σ2〉,
we have H ′2,4 =  〈1〉, hence H2,4/H ′2,4 
(2min(1,n+1), 2max(2n+2)) =  (2,  2n+2).
The other entries are checked similarly.
Proposition 2.  Let  Gn be  the  group  family  deﬁned  by
the Equality  (1),  then
1 The  order  of  Gn is  2n+5 and  that  of  G′n is 2n+2.
2 The  coclass  of  Gn is 3 and  its  nilpotency  class  is n  + 2.
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Proof.  1. Since σ8 =  τ2n+2 =  1 and σ4 =  τ2n+1 , then
〈σ,  τ〉    (2min(2,n+1), 2max(3,n+2)) =  (22, 2n+2).
Moreover, as ρ2 =  τ2nσ2 and ρ4 =  σ8 =  τ2n+2 =  1, so
〈σ,  τ,  ρ〉    (22, 2n+2,  2).
Thus |Gn| = 2n+5. Similarly, we prove that |G′n|  =  2n+2,
since G′n =  〈σ2,  τ2〉.
2. The lower central series of Gn is defined induc-
tively by γ1(Gn) = Gn and γ i+1(Gn) = [γ i(Gn), Gn], that
is the subgroup of Gn generated by the set {[a,
b] = a−1b−1ab/a  ∈  γ i(Gn), b  ∈  Gn}, so the coclass of Gn
is defined to be cc(Gn) = h  −  c, where |Gn| = 2h and
c = c(Gn) is the nilpotency class of Gn. We easily get
γ1(G) = G.
γ2(G) = G′ = 〈σ2, τ2〉.
γ3(G) = [G′, G] = 〈σ4, τ4〉.
Then Lemma 1 [6] yields that γj+1(G) =
[γj(G),  G] =  〈σ2j ,  τ2j 〉. Hence, if we put υ = max(n  + 1,
2) = n + 1, then we get γυ+2(G) =  〈σ2υ+1 ,  τ2υ+1〉  =  〈1〉
and γυ+1(G) =  〈σ2υ ,  τ2υ 〉  /=  〈1〉. As |G  | =2n+5, so
c(G) =  n  +  2 and cc(G) =  n  +  5 −  (n  +  2) =  3.

We continue with the following results.
Proposition 3 ([7]). Let  H  be  a normal  subgroup  of  Gn.
For g ∈  Gn,  put  f = [〈g〉  . H  : H] and  let  {x1, x2, . .  ., xt}
be a  set  of  representatives  of  G/〈g〉H.  The  transfer  map
VG→H : G/G′ →  H/H′ is  given  by  the  following  formula
VG→H (gG′) =
t∏
i=1
x−1i g
f xi.H
′.  (2)
Easily, we prove the following corollaries.
Corollary 4.  Let  H  be  a  subgroup  of  Gn of
VG→H (gG′nindex 2.  If  Gn/H  = {1, zH},  thenVG→H (gG′n) ={
gz−1gz.H ′ =  g2[g,  z].H ′ if g  ∈  H,
g2.H ′ if g  /∈  H.ity for Science 9 (2015) 346–350
Corollary  5.  Let  H  be  a  normal  subgroup  of  Gn of
index 4. If  Gn/H  = {1, zH, z2H, z3H},  then
VG→H (gG′n) =
⎧⎪⎨
⎪⎩
gz−1gz−1gz−1gz3.H ′ if g ∈ H,
g4.H ′ if gH = zH,
g2z−1g2z.H ′ if g /∈ H and gH /= zH.
Corollary  6.  Let  H  be  a  normal  subgroup  of  Gn of
index 4.  If  Gn/H  = {1, z1H, z2H, z3H}  with  z3 = z1z2,
then
gz−11 gz1z
−1
2 gz
−1
1 gz1z2.H
′ if g  ∈  H,
g2z−1i g2zi.H ′ if gH  =  zjH  with i /=  j.
Theorem  7.  Keep  the  previous  notations.  Then  we
have:
1 kerVGn→H1,2 =  〈τG′n〉.
2 kerVGn→H2,2 =
{
〈σG′n,  ρG′n〉 if n =  1.
〈σG′n,  τρG′n〉  if n ≥  2.
3 kerVGn→H3,2 =  〈τG′n,  ρG′n〉.
4 kerVGn→H4,2 =
{
〈τρG′n,  σρG′n〉 if n  =  1.
〈στG′n,  ρG′n〉 if n  ≥  2.
5 kerVGn→H5,2 =  〈τG′n,  σρG′n〉.
6 kerVGn→H6,2 =
{
〈σG′n, τρG′n〉 if n  =  1.
〈ρG′n,  σG′n〉 if n  ≥  2.
7 kerVGn→H7,2 =
{
〈στG′n,  ρG′n〉 if n  =  1.
〈στG′n,  τρG′n〉 if n  ≥  2.
8 For  all  1 ≤  i ≤  7, kerVGn→Hi,4 =  Gn/G′n.
Proof.  We prove only some assertions of the theorem.
1. We know, from the Table 1, that H1,2 = 〈σ, τ〉,
then Gn/H1,2 = {1, ρH1,2}  and H ′1,2 =  〈1〉. Hence, by
Corollary 4 and Lemma 1, we get
* VGn→H1,2 (σG′n) =  σ2[σ,  ρ]H ′1,2 =  σ2σ2H ′1,2 =
σ4H ′1,2.
* VGn→H1,2 (τG′n) =  τ2[τ,  ρ]H ′1,2 =  τ2τ−2H ′1,2 =
H ′1,2.
* VGn→H1,2 (ρG′n) =  ρ2H ′1,2 /=  H ′1,2.
* VGn→H1,2 (στG′n) = (στ)2[στ,  ρ]H ′1,2 =  τ4H ′1,2.
* VGn→H1,2 (τρG′n) =  (τρ)2H ′1,2 =  ρ2H ′1,2 /=  H ′1,2.
* VGn→H1,2 (σρG′n) =  (σρ)2H ′1,2 = ρ2σ4H ′1,2 /=  H ′1,2.
′ 2 ′* VGn→H1,2 (στρGn) =  (στρ) H1,2 =
ρ2σ4H ′1,2 /=  H ′1,2.
Therefore kerVGn→H1,2 =  〈τG′n〉.
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8. We know, from the Table 2, that H1,4 = 〈σ, τ2〉, then
n/H1,4 = {1, τH1,4, ρH1,4, τρH1,4}  and H ′1,4 =  〈1〉.
ence Corollary 6 and Lemma 1 yield that
 VGn→H1,4 (σG′n) =  σ8H ′1,4 =  H ′1,4.
 VGn→H1,4 (τG′n) =  τ2ρ−1τ2ρH ′1,4 =  H ′1,4.
 VGn→H1,4 (ρG′n) =  ρ4H ′1,4 =  H ′1,4.
herefore kerVGn→H1,4 =  〈σG′n, τG′n,  ρG′n〉.
The other assertions are proved similarly. 
.  Applications
Let k  be a number field and Ck,2 be its 2-class group,
hat is the 2-Sylow subgroup of the ideal class group
k of k, in the wide sens. Let k(1)2 be the Hilbert 2-
lass field of k  in the wide sens. Then the Hilbert 2-class
eld tower of k  is defined inductively by: k(0)2 =  k  and
(n+1)
2 =  (k(n)2 )
(1)
, where n  is a positive integer. Let M  be
n unramified extension of k  and CM be the subgroup of
k associated to M  by the class field theory. Denote by
k→M : Ck −→  CM the homomorphism that associate
o the class of an ideal A  of k  the class of the ideal
enerated by A  in M, and by NM/k the norm of the
xtension M/k.
Throughout all this section, assume that
al(k(2)2 /k)   Gn. Hence, according to the class
eld theory, Ck,2   Gn/G′n   (2,  2,  2), thus Ck,2 =
a, b,  c〉    〈σG′n, τG′n,  ρG′n〉, where (a,  k(2)2 /k) =  σG′n,
b, k(2)2 /k) =  τG′n and (c,  k(2)2 /k) =  ρG′n, with
. , k
(2)
2 /k) denotes the Artin symbol in k(2)2 /k.
It is well known that each subgroup Hi,j, where
 ≤  i  ≤  7 and j = 2 or 4, of Ck,2 is associated, by class
eld theory, to a unique unramified extension Ki,j of k(1)2
uch that Hi,j/H ′i,j   CKi,j ,2.
Our goal is to study the capitulation problem of
he 2-ideal classes of k  in its unramified quadratic and
iquadratic extensions Ki,2 and Ki,4. By the class field
heory, the kernel of jk→M, kerjk→M, is determined
y the kernel of the transfer map VG→H : G/G′ →  H/H′,
here G  =  Gal(k(2)2 /k) and H  =  Gal(M(2)2 /M).
heorem 8.  Keep  the  previous  notations.  Then  we
ave:
1 kerjk→K1,2 =  〈b〉.{
2 kerjk→K2,2 =
〈a, c〉  if n  =  1.
〈a, bc〉 if n  ≥  2.
3 kerjk→K3,2 =  〈b,  c〉.ity for Science 9 (2015) 346–350 349
4 kerjk→K4,2 =
{
〈ac, bc〉 if n  =  1.
〈ab, c〉  if n  ≥  2.
5 kerjk→K5,2 =  〈b, ac〉.
6 kerjk→K6,2 =
{
〈a, bc〉  if n  =  1.
〈a, c〉 if n  ≥  2.
7 kerjk→K7,2 =
{
〈ab, c〉 if n =  1.
〈ab, bc〉 if n  ≥  2.
8 For  all  1 ≤  i  ≤  7, kerjk→Ki,4 =  Ck,2.
9 The  2-class  group  of  k(1)2 is  of  type  (2, 2n+1).
10 The  Hilbert  2-class  ﬁeld  tower  of  k  stops  at  k(2)2 .
Proof. According to the Theorem 7, we have
1. Since kerVGn→H1,2 =  〈τG′n〉, so kerjk→K1,2 =
〈b〉.
2. Similarly, as kerVGn→H2,2 ={
〈σG′n, ρG′n〉 if n  =  1,
〈σG′n, τρG′n〉 if n  ≥  2,
then kerjk→K2,2 =
{
〈a, c〉  if n  =  1.
〈a, bc〉 if n  ≥  2.
The other assertions are proved similarly.
9. It is well known that Ck(1)2 ,2
  G′n, where
Ck(1)2 ,2
is the 2-class group of k(1)2 . As G′n 
〈σ2,  τ2〉   (2min(1,n),  2max(2,n+1))   (2,  2n+1),
since σ4 =  τ2n+1 ; so the result derived.
10. H1,4, H2,4 and H4,4 are the three subgroups of
index 2 of the group H1,2, then K1,4, K2,4 and K4,4 are
the three unramified quadratic extensions of K1,2. On the
other hand, the 2-class groups of these fields are of rank 2,
since, by the class field theory, CKi,j ,2   Hi,j/H ′i,j with
i = 1, 2 or 4 and j = 2 or 4. Thus the Tables 1 and 2 imply
that CK1,2,2   (22, 2n+2) and CK2,4,2   (2,  2n+2).
Hence h2(K2,4) = h2(K1,2)/2, where h2(K) denotes the
2-class number of the field K. Therefore we can apply
Proposition 7 of [5], which says that K1,2 has an abelian
2-class field tower if and only if it has a quadratic unrami-
fied extension K2,4/K1,2 such that h2(K2,4) = h2(K1,2)/2.
Thus K1,2 has abelian 2-class field tower which ter-
minates at the first stage; this implies that the 2-class
field tower of k terminates at k(2)2 , since k  ⊂  K1,2. More-
over, we know, from Proposition 2, that |Gn| = 2n+5 and
|G′n| =  2n+2, hence k(1)2 /=  k(2)2 . 
4.  ExampleLet p1 ≡  p2 ≡  5mod8 be different primes. Denote by k
the imaginary bicyclic biquadratic field Q(√d, i), where
d = 2p1p2. Let k(1)2 be the Hilbert 2-class field of k, k
(2)
2
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its second Hilbert 2-class field and G  be the Galois
group of k(2)2 /k. According to [4], k  has an elemen-
tary abelian 2-class group Ck,2 of rank 3, that is of type
(2, 2, 2). Put K  =  k(√2) =  Q(√2,√p1p2,
√−1), and
let q  denote the unit index of K+ =  Q(√2,√p1p2).
Denote by h2(−  p1p2) (resp. h2(p1p2)) the 2-class num-
ber of Q(√−p1p2) (resp. Q(√p1p2)), then, from [8],
h2(−  p1p2) = 2m+1 with m  ≥ 2, and h2(p1p2) = 2n with
n ≥  1. Assume that q = 2, then, by [3, Lemma 6], m  = 2
and n  ≥ 1, and by [3, Theorem 2], G    Gn. The following
result is proved in [3], and we give it here to illustrate
the results shown above. For more details, the reader can
see [3].
Theorem  9.  Let  p1 ≡  p2 ≡  5mod8 be  two  different
primes.  Put  k  =  Q(√2p1p2,  i), k  has  fourteen  unrami-
ﬁed extensions  within  his  ﬁrst  Hilbert  2-class  ﬁeld, k(1)2
(see  [1]).  Denote  by  Ck,2 the  2-class  group  of  k.  Then
the following  assertions  hold.
1 Exactly  four  elements  of  Ck,2 capitulate  in  each
unramiﬁed  quadratic  extension  of  k,  except  one  where
there are  only  two.
2 All  the  2-classes  of  k capitulate  in  each  unramiﬁed
biquadratic  extension  of  k.3 The  Hilbert  2-class  ﬁeld  tower  of  k  stops  at  k(2)2 (see
[2]).
4 Ck(1)2 ,2
  (2,  2n+1). [ity for Science 9 (2015) 346–350
5 The  coclass  of  G  is  3 and  its  nilpotency  class  is
n + 2.
6 The  2-class  groups  of  the  unramiﬁed  quadratic  exten-
sions of  k  are  of  type  (2, 4), (2, 2, 2) or  (4, 2n+2).
7 The  types  of  the  2-class  groups  of  the  unramiﬁed
biquadratic  extensions  of  k  are  exactly  those  given
by the  Table  2.
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